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ABSTRACT

An edge (A vertex) irregular total k-labeling of a graph G is such a labeling of the
vertices and edges with integers 1, 2,..., k that the weights of any two different edges (vertices)
are distinct, where the weight of an edge (a vertex) is the sum of the label of the edge (vertex)
itself and the label of its incident vertices (edges). The minimum k, for which the graph G has
an edge (a vertex) irregular total k-labeling, is called the total edge (vertex) irregularity
strength of the graph G and is denoted by tes(G) (tvs(G)). In this paper, the upper bound of the
total edge (vertex) irregularity strength of the total graph of the star graph K; ,, n > 2.

INTRODUCTION

We consider only finite, simple and undirected graphs, without loops and multiple
edges. Let G = (V, E) be a graph with the vertex set V and the edge  set E. The total graph
T(G) of a graph G is the graph with vertex set VUE and two vertices of T(G) are adjacent
whenever they are neighbors in G. A star graph S, is a complete bipartite graph K; .

An edge irregular total k-labeling of a graph G is such a labeling of the vertices and
edges with integers 1, 2,..., k that the weights of any two different  edges are distinct, where
the weight of an edge is the sum of the label of the edge itself and the labels of the two
end vertices. The minimum k for which the graph G has an edge irregular total k-labeling, is

called the total edge irregularity strength of the graph G and in denoted by tes(G). Similarly, a

vertex irregular k-labeling of a graph G is such a labeling of the vertices and edges with
integers 1, 2,..., k that the weights of any two different vertices are distinct, where the
weight of a vertex is the sum of the label of the vertex itself and the labels of its incident

edges. The minimum k, for which the graph G has a vertex irregular total k-labeling, is
called the total vertex irregularity strength of G and is denoted by tvs(G). The notions of the
total edge irregularity strength and the total vertex irregularity strength were first introduced by
Baca. et al [1] in a recent paper. They are invariants analogous to irregularity strength of a
graph G [3, 4,6, 8,9, 11, 12]. In[1], Baca et al. put forward the lower bounds of tes(G) and
tvs(G) in terms of the maximum degree A, minimum degree J, the order | E(G) | and the

size | V(G) | , which may be stated as in Theorem 1.1 and 1.2.
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Theorem 1.1: tes(G) > max HA + ll WE |+ 2 H
2 ’ 3

Theorem 1.2: tvs(G) > P VG |+ 5}
A+1

Based on these theorems, Baca et al [1] determined the exact values of the total edge
irregularity strength of path P, star S;, wheel W,,, and friendship graph  F, and obtained the
exact values of the total vertex irregularity strength of star S;, complete graph K, cycle C,, and
Prism D,. Ivan¢o and Jendrol’ [5] determined the total edge irregularity strength of any
tree. Jendrol’ et al [7] proved the exact values of the total edge irregularity strength of complete
graphs and complete bipartite graphs. Misskuf and Jendrol’ [10] determined the exact values of
the total edge irregularity strength of mxn grids. Brandt et al [2] proved a conjecture about
edge irregular total labeling. Tong Chunling et al[13] obtained the exact values of  the total
edge irregularity strength of some families of graphs including the generalized Petersen graph,
Ladder, Mobius band etc.

In this paper, the upper bound of the total edge (vertex) irregularity strength of the total
graph of the star graph K; ,, n > 2.

2 MAIN RESULTS
The upper bound of the total edge (vertex) irregularity strength of the total graph of star
graph K, ,(n>2):

Theorem 2.1: forn>?2

2n, for n =2,4
2n — 1, for n =3
12n +1, for n =5

n(n-1)
2

tes(T(K; ) < )
+ 1, for nis even , n#+ 2,4

”("2—_1), for n is odd , n# 3,5

Proof: Let G=T (K, ,), n > 2, be defined on

V={u,uy,vi:1<i<n}

and E={uu,uvi,uvi,vivi:1<1<n, k=1,2,..., ["‘W }
2

where 1 is taken modulo n (replacing 0 by n) and K, is the star graph.
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Here G has 2n+1 vertices and @ edges.

A function f'is defined on VUE as follows:

forl <i<n, f(=1
fruy= [ 4 |
2n, if nis even
fivy=42n -1, if n =3
2n+1, if nis odd ,n #3
S+1i, if nis even
and  f(uw) = L if'n =3
r%—|+i, if nmis odd ,n+3
fluvi) =1
S+i+1, if nis even
£ (uivi) = %—|+i, if nis odd
ntk—1)+i+1, if nis even
and f(ViVi+k)= 4i+2’ lfﬂ =3
n(k—1)+1i, if nisodd,n#+3

where k=1, 2,..., [” _lw
2 .

Since wt (uv;) = f(u) + f(uw;) + f(u;)

n+1+1i, if n is even

- |—%—|+1+i, if n=3
2|—i—|+1+i, if nis odd ,n+ 3

2
wt (uv;) = f(u)+(uv;) + f(vi)

2n+1+1,
—<2n+1i,
2n+ 2+ 1,

wt (u;vi) = () + f(uivi) + f(vi)
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3n—-1+1, if nis even
_{2n—1+2[2]+i, if n=3
2n+1+2r§—|+i, if nis odd , n #3
wt (vivisk) = f(vi) + f(vivie) + f(visk)
n(k +3)+i+1, if n is even
_<4n + i, if n=
n(k +3)+i+ 2, i nis odd , n#3
where i + k subscripts modulo n,

The weights of the edges of T(K,, ,) under the labeling f are distinct and f is a mapping from

VUE into  {1,2,...,2n}, ifn=2and 4
{1,2,...,.2n-1}, ifn=3
{1,2,...,.2n+1}, ifn=5

{1,2,...,@+ 1}, ifniseven,n#24

and {1,2,.., "("2—1> 1, ifnis odd, n #3,5.

Therefore total labeling of f has the required properties of all edge irregular total labeling.

Hence, we have

2n, for n = 2.4
2n — 1, for n =
12n + 1, for n = 5

<
tes (TS < | ()

+ 1, for nis even ,n# 2,4

n(n - 1)

for n is odd ,n # 3,5

Theorem 2.2: tvs (T(K n)<n,n=>2.
Proof: Let G =T (K, ), for n > 2 be defined as in Theorem 2.1.
Now consider a function f defined on VUE as follows:
for1 <i<n, f(u)=1
f(u)=n-1, n=2
f(v)=2
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and f(uuy) =1

f(uvi) =1

f(ujvy) =1
f(vivisk) = 2.

where k=1, 2,..., [" - 1} and 1 is taken modulo n
2

Since wt (W =fw)+ 3 f(uu )+ > f ()

=l+n+n
=2n+1
wt () = () + f(uw) + f(u;vy)
=n+i
and wt (v;) = f(vi) + f(uvi) + f(ujvi) + D f(vivik)
=3+i+ ”il 5
k=1
=3 +i+2(n-1)
=2nt+i1+1
The weight of the vertices of T(K;, ,) under the labeling f are distinct and f is a mapping from
VUE into {1, 2,..., n}. Clearly the total labeling f has required properties of a vertex irregular
total labeling.
Therefore tvs (T(K; ,)<n, n>2.
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