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Abstract: This paper presents the existence and uniqueness of the coupled fixed point results for mapping
satisfying different contractive conditions in dislocated quasi b-metric spaces.

Introduction and Preliminaries

Definition 1. [4] Let X be a non-empty set. Let the mapping d: X X X — [0, o) and
constant k > 1 satisfy following conditions:

1. dx,y)=0=dy,x)=>x=y,Vx,yeEX
2. d(x,y) <kld(x,z)+d(z,y)],Vx,y,z € X.

Then d is called a dislocated quasi-b-metric and the ordered pair (X,d) is called
dislocated quasi-b-metric space or in short dgb-metric space. The constant k is called
coefficient of (X, d).

It is clear that b-metric spaces, quasi-b-metric spaces and b-metric-like spaces are dgb-
metric spaces but converse is not true.

Example 2. [7] Let X = R* and forp > 1,d: X X X - [0, ©) be defined as,
d(x,y) =|x—y|P + |x|?, Vx,y € X.

Then (X, d) is dgb-metric space with k = 2P > 1. It is easy to check that (X, d) is not b-
metric space and also not dislocated quas-metric space.

Example 3. [4] Let X = R and suppose,
d(x,y) = [2x — y|?> + |2x + y|?, Vx,y €R.

Then (X,d) is dgb-metric space with coefficient k = 2. Clearly, (X,d) is not a quasi-b-
metric space. Also (X, d) is not dislocated quasi-metric space.

Definition 4. [4] A sequence {x,} in a dgb-metric space (X,d), dgb —converges tox € X
if

limd(x,,x) =0 = limd(x, x,).
n—oo n—oo

In this case x is called dgb-limit of {x,} and {x,} is said to be dgb-convergent to x, written
as x, = X.

Definition 5. A sequence {x,} in a dgb-metric space (X,d) is called as dgb-Cauchy
sequence if
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lim d(x,,x,;) =0= lim d(x,,x,).
n,m— oo n,m—oco

Definition 6. [4] A dgb-metric space (X,d) is said to be dgb-complete if every dqb-
Cauchy sequence in it is dgb-convergent in X.

Definition 7. [3] A subset M of X is said to be closed if and only if for each sequence {x,,}
in X which converges to an element x € M.

Definition 8. [3] A subset S of X is bounded if there exists M € (0, ) such that d(x,y) <
M forall x,y € S.

Proposition 9. [9] Every subsequence of a dqb-convergent sequence in a dqb-metric space
(X, d) is dgb-convergent sequence.

Proposition 10. [9] Every subsequence of a dqb-Cauchy sequence in a dqgb-metric space
(X, d) is dqb-Cauchy sequence.

Proposition 11. [9] If (X, d) is a dgb-metric space, then a function f: X — X is continuous
ifand only if x, =» x = fx, = fx.

Lemma 12. [9] Limit of a dqb-convergent sequence in dqb-metric space is unique.

Proposition 13. [9] If u is limit of some dqb-convergent sequence in a dqb-metric space
(X,d) then d(u,u) = 0.

Definition 14. [2] An element (x,y) € X X X is called coupled fixed point of the mapping
T: XXX - XifT(x,y) =xand T(y,x) = y.

Definition 15. An element (x,y) € X X X is called coupled coincidence point of the
mappingT: X XX - Xandh:X - XifT(x,y) = hx and T(y, x) = hy.

Definition 16. Suppose X is a non-empty set. Then the mappings T: X X X - X and
h: X - X are commutative if hT (x,y) = T (hx, hy) forall x,y € X.

Lemma 17. Let (X,d) be a dgb-metric space. Let F:X XX - X and g:X — X be two
mappings such that

d(F(x,y),F(w,v)) < ald(gx, gu) + d(gy, gv)],

forall x,y,u,v € X. Assume that (x,y) is a coupled coincidence point of the mappings F and
g-1If 2ak < 1,witha € [0,1) andk > 1. Then F(x,y) = gx = gy = F(y, x).

Main Results

Theorem 18. Let (X,d) be a dgb-metric space. Let T : X X X - X and f : X = X be two
continuous mappings such that

d(T(x,y), T(w,v)) < ad(fx, fu) +

Bd(fy, fv), (2.1) for all x,y,u,v € X, where a and
B are constants such that 0 < a +f < % Assume that T and f satisfy the following
conditions:

1. f(X) is a complete dqb-metric space.
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2.  f commutes withT.
3. TXxX)cgX).
Then there exists unique coupled fixed point of T in X.

Proof. Let (x,, y,) be any arbitrarily fixed point in X X X. Using (iii), we find (x;,y;) € X X
X such that T'(xq,y,) = fx; and T(yy,x,) = fy;. If we continue this way, we get two
sequences of points in X namely {x,} and {y,}, with fx,,; = T(x,, ¥,) and fy,,; =
T (Y, x,,)- Using inequality (2.1), for arbitrary n € N, we have

d(fxn: fxn+1) = d(T(xn—l' yn—l)’ T(xn: yn))
< ad(fxp_1, fxn) + BA(fYn-1, fYn)-

Similarly,

d(fynr fyn+1) = d(T(yn—lrxn—l)' T(yn' xn))
< ad(fyn—lt fyn) + ,Bd(fxn—lt fxn)-

Now summing up these two inequalities, we get
d(fxn, fxne1) + A(fYn, fynea) < (@ + BA(f -1, fX0) + A(fyn-1, fy)].
Thus writing, dn, = d(fxp, fXn+1) + A(fYn, fYn+1), we get
d, < (a+B)d,_1.
Leta + f =y.Then
0<d,<yd,.;, Vne€eN.
By induction on n, we get
0<d,<y"d,, Vne€N. (2.2)
Now, for m,n € N and n < m, using triangular inequality of the definition,
d(fxn, fxm) < kd(fxn, fxne1) + K2A(fXnir, [Xnea) + o+ k™A (f X1, f2m)-
Similarly,
A(f Y f¥m) < kd(fyn fYn+1) + K2d(fYnsr, fns2) + -+ K" A(f Y1, fYm)-
Adding these inequalities and using (2.2), we get

d(fxn' fxm) + d(fynl fym) < k[d(fxn' fxn+1) + d(f)’nl fyn+1)]
+k[d(fxni1, fxnez) + A Vnis, [Yne2)]
+ o+ KT A(f X, fXm) + A(fYm—1, fym)]

< [k]/n + kzyn+1 4 4 km—nym—l]do

= [ke)y™ ™ + (k)™ 4+ ()™ Y d
< (m—n)y" 'd,

<y"™ 1y, where n=(m-—n)d,.

Taking limit as n,m — oo, we get
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lim d(fx, fx,) =0and lim d(fy,, fym) = 0. (2.3)
m,n—oo m,n—oo

On the similar lines using equation (2.1), for arbitrary n € N, we can write

d(fxn+1' fxn) = d(T(xn' yn)rT(xn—lt yn—l))
< ad(fxp, fxXp_1) + BA(fYn, fYn-1)-

Similarly,

d(fyn+1r fyn) = d(T(yn' xn)r T(yn—lt xn—l))
< ad(fyn, fYn-1) + BA(fXn, fXn_1).

Now summing up these two inequalities, we get
Ad(fxni1, fon) + d(fyner, fn) < (@ + BA(f X, fXn-1) + d(fyn, fyn-1)]-
Thus writing, dy, = d(f X1, fXn) + A(f Vns1, fIn), We get
dp < (a+B)dy,_;.
Leta + f =y.Then
0<d, <yd,_,,VneN.
By induction on n, we get
0<d, <y"d;VneN. (2.4)

Now, for m,n € N and n < m, using triangular inequality of the definition,

A(fxm fxn) < kd(fxm, fXm-1) + k2d(fXm-1, foXm-2) + =+ + K" A(fXm-ns1, fXn)
Similarly,

A(fYm [¥n) < kd(fYm, [Ym-1) + K2 A(fYim-1, fYm—2) + =+ K" Ad(f Yin-n+1, [ Yn)-
Adding these inequalities and using equation (2.4)

d(fxm' fxn) + d(fym' fyn) < k[d(fxn+1' fxn) + d(fyn+1rfyn)]
+k2[d(fxn+2' fxn+1) + d(fyn+2: fyn+1)] + -
+k™ A (f X, fXm-1) + A Vi fYm-1)]

< [k]/n + kzyn+1 4 4 km—nym—l]d‘S
= [kep)y™ ™t + (k)™ 4+ (k)™ My Hdo
< (m-n)y™1d;
<y™1n, where 7= (m-—n)d,.
Taking limit as n,m — oo, we get
lim d(fx,,, fx,) =0and lim d(fy,,, fy,) = 0. (2.5)
m,n—oo m,n—oo

Thus from equations (2.3) and (2.5), {fx,} and {fy,,} are Cauchy sequences in f(X). Since
f(X) is complete dgb-metric space, there exist u,v € f(X) such that fx,, - u and fy, -
v. Also T and f commute and are continuous. We claim that (u, v) is a coupled fixed point
of T.As T and f commute,
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ffxner = T Yn) = T(fXn, fYn) = fu=T,v). (2.6)
Similarly,
ffVne1 = T xn) = T(fyn fxn) = fv =T, w). (2.7)

Now, consider

d(T(ur v)’fxn+1) = d(T(u, U),T(xn, yn))
< ad(fu, fxn) + BA(fv, fyn).

Also

AT, W), fyni1) = d(TW,w), T X))
< ad(fv, fyn) + Bd(fu, fxn).
Adding these two inequalities and letting n — oo, we get
d(T(w,v),u) +d(T(w,u),v) = lim[d(T(w,v), fxns1) + AT @ 1), fyns1)]
< ch(fu, u) + pd(fv, v).
Using (2.6) and (2.7) we get

d(fu,u) + d(fv,v) < ad(fu,u)+ Bd(fv,v)
= d(fu,u) +d(fv,v) <d(fu,u)+d(fv,v).

since a,f < 1. Which is a contradiction unless d(fu,u) =0 and d(fv,v) = 0. On the
similar lines we can prove that d(u, fu) = 0 and d(v, fv) = 0. Which leads us to conclude
that fu = u and fv = v. This in turn gives T(u,v) = u and T(v,u) = v. Thus (u,v) is a
coupled fixed point of T in X.

Now, we prove uniqueness of coupled fixed point (u,v). Let, if possible, (u,,v;) be
another coupled fixed point of T in X.

d(u,u,) = d(T(u, v), T (u, v)) < ad(fu, fu) + pd(fv, fv)
< ad(u,u) + pd(v,v) = 0.

Also,

d(u,u) = d(T(u, v), T (u, v)) < ad(fu, fu) + pd(fv, fv)
< ad(u,u) + pd(v,v) = 0.

Thus u = u;. Also, consider
d(v,v)) = d(T(v, w), T(v, u)) < ad(fv, fv) + Bd(fu, fu) < ad(v,v) + fd(u,u) = 0.
d(vy,v) = d(T(v,u),T(v, u)) < ad(fv, fv) + pd(fu, fu).< ad(v,v) + Bd(u,u) = 0.

Thus v = v,. Hence (u, v) = (uy, v1). And thus uniqueness of coupled fixed point of T in X
is established. O

Define @ and ¥ as follows
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® = {¢:[0,00) - [0,0) | ¢ is continuous and non-decreasing, ¢(t) = 0 & t = 0,
P(t+5s) <p(t) + @(s),Vs,t €[0,0)}
v ={:[0,00) > [0,0) | limp(6) > 0, vr > 0 and limp(¢) = 0}.

Theorem 19. Let (X,d) be a complete dgb-metric space. Let T : X X X — X be continuous
mappings such that

¢ (d(T(x, ), T(u, v))) < %d)(d(x, u) +d(y, v)) -y (w) (2.8)

2

forallx,y,u,v € X. Then T has a coupled fixed point in X.

Proof. Let (x,,y,) be any arbitrarily fixed point in X X X. We can find (x;,y;) € X X X
such that T(xq,y,) =x; and T(yg,xp) = y;. If we continue this way, we get two
sequences of points in X namely {x,} and {y,}, with x,,; = T(x,,¥,) and y,,; =

T (Y, Xn)- We use Pn = d(Xn, Xn41), Gn = AWVpy Yne1) p,n = d(Xns1, Xn), q,n =
d(Yn+1, Yn)- Also d, = pp + qpn, d'n = 0'n + ¢’ Using inequality (2.8), for arbitrary n €
N, we have

d(pn) = ¢(d(xn'xn+1)) = d(T(xn—l'yn—l)rT(xnryn))

1
< E(p(d(xn—l:xn) + d(yn—l' Yn)) - lp(d(xn—llxn) + d()’n—l' Yn))

Pn-1 + qn—l)

1
= E(p(pn—l +qn-1) — Y ( > (2.9)

Similarly
¢(qn) = ¢(d(yn' Yn+1)) = d(T(yn—llxn—l)’ T(yn' xn))

1
< Ed’(d()’n—LYn) + d(xn—l'xn)) - lp(d(J’n—ern) + d(xn—l'xn))

Pn-1t Qn—l)

1
=S¢+ an) — o (B (2.10)

Adding (2.9) and (2.10) and using property of ¢, we get
¢(Pn+an) < d(pn) +¢(qn)
1 Pn-1 + qn_ 1 Pn-1 + qn_
= E(p(pn—l + qn—l) - ll) (%) + E(p(pn—l + qn—l) - 1!’ (%)

< ¢(pn—1 + qn—l)
= Pn + dn < Pn-1 + dn-1- (2-11)

Let us write d,, = p,, + q,, and note that d,, is a non-increasing sequence of real numbers
which is bounded below by 0 and hence there is some y = 0 such that

limd, = Al_{l(;lo [Pn + qnl = 7.

n—->oo

We claim that y = 0. Suppose that y > 0. Then taking the limit as n — oo of both and
using properties of ¢ and i), we have

dn-1
2

B0 = lim () < lim [0(dno) — 20 (“52)] = 901 - 2, lim_y(“52) < 4

dpn-1-Y

which is clearly a contradiction. Thus y = 0, that is,
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limd, = lim[p, + q,] = 0. (2.12)
n—>oo n—->0o

On the similar line, consider
d)(p’n) = ¢(d(xn+lr xn)) = d(T(xn' yn)r T(xn—lt yn—l))

1
< Egb(d(xnrxn—l) + d(yn' yn—l)) - l/)(d(xn' xn—l) + d(ynr yn—l))

p,n—l + q,n—1>

1
= E(p(p,n—l +q'h-1) - < > (2.13)

Similarly
d)(q’n) = ¢(d(yn+1' yn)) = d(T(yn' xn)r T(yn—lt xn—l))

1
< Ed’(d(ynryn—l) + d (xy, xn—l)) - lp(d(anYn—l) + d(xn'xn—l))

p,n—l + q,n—1>

: (2.14)

1
= E(p(p,n—l +q'h-1) - <

Adding (2.13) and (2.14) and using property of ¢, we get
PP+ an) <@+ ¢
1 ! ! p, _1+q, -1 1 ’ / p, —1+q, -1
=sp@n-1+ @) — Y (| + 5@ s + @) — Y |
2 2 2 2
< ¢(Pn-1 + qn-1)
= p’n + q’n = p,n—l + q’n—l- (2-15)

Let us write d',, = p, + q,, and note that d’,, is a non-increasing sequence of real
numbers which is bounded below by 0 and hence there is some y’ > 0 such that

limd', = Ai_r}(;lo[p,n +q =Y.

n—-oo

We claim that y’ = 0. Suppose that ¥’ > 0. Then taking the limit as n — o of both and
using properties of ¢ and 1), we have

e , . , dna\l ., . d'ny
d(y) = limp(d'y) < lim |p(d',—1) — 29 =¢¥)—2 lim Y
n—oo n—oo 2 dln_1-Y! 2
< p).
which is clearly a contradiction. Thus y’ = 0, that s,
limd', = lim[p', +q',] =0. (2.16)
n—00 n—-oo

Now, we wish to show that {x,} and {y,} are Cauchy sequences in X. Suppose to the
contrary, that at least of {x,} or {y,} is not Cauchy sequence. Then there exists an € > 0
for which we can find subsequences {x, )}, {Xm)} of {x,,} and {y,)}, {¥m@)} of {yn} with
n(i) > m(i) = i such that

d(Xn@), Xm@) + AV Ym@) = €

For m(i) , we can choose n(i) in such a way that it is the smallest integer with n(i) >
m(i) = i and satisfying above condition. Then
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d(n@y)-1, Xm@)) + AOn@y-1 Ym@)) < € (2.17)

Using above two inequalities and the triangle inequality, we have

€ < d(%nw Xmw) + AWnw) Ym®)
< k[d (@), Xn-1) + A(Xn@-1 Xm® ) + AWn@) Ynw-1) + dVn@ -1 Yme)]
< k[p,n(i) + q’n(i)] + ke.

We write a; = d(xn(i),xm(i)) + d(yn(i),ym(i)). Now letting i = oo and using (2.12) and
(2.16), we have

lima; = lim [d(xn (), Xm@) + d(Vnw, Ymao)] = ke.

By the triangle inequality

< k[d(2n@w), Xn@+1) + (a4, Xm@+1) + d(Xm@ 1, Xm@)
+d(Yn(y Yn+1) + An@+1 Ym+1) + AVm@ 1 Ym )]
= k[dn) + dm@ + (@ +1 Xm@+1) + AWn@+1 Ym@+1)]-

Using the property of ¢, we have
o) =¢ (k (dn + dmeoy + ACeny 1, Xmeiysa) +d (yn(i>+1'ym(t)+1))>

<¢ (k(dn(o + dm(i))) +¢ (k (d(xn(i)ﬂ' xm(i)+1))) +¢ (k (d(yn(t>+1'3’m(i>+1))> :
Now, consider

¢ (d(xn(i)+1: xm(i)+1)) =¢ (k (d(T(xn(i)'Yn(i))' T(xm(i)')’m(i)))>

1 d(Xn(@), Xm(@) ) + 4(Yn(@, Y
<k lid) (d(xn(i)r xm(i)) + d(yn(i)'ym(i))) _ l/)( ( n(i) m(L)) - ( n(i)r Ym(;

= k50 -w(3)].

Similarly, we also have

(0] (d(ym(i)+1ryn(i)+1)) =¢ (k (d(T(:Vm(i)rxm(i))r T(yn(i)rxn(i)))>

- Ay V) + A(imco
Ed)(d(ym(i)' ) +d(xm(i)’xn(i))) —¢< 20 "(‘))2 (tm@xn

= k[zo@ -w ()|

IA

k

From above, we have

B@) < ¢ (k(dngy + dmap)) + k(@) — 2k ()

Letting i — oo, we have
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P (ke) < kp(€) < (0) + kep(e) — 2klimy (%) — kp(e) — 2klimp (%) < k(e)

Ai-e
a contradiction. This shows that {x,} and {y,} are Cauchy sequences. Since X is a
complete metric space, there exist u,v € X such that lim,,_,,x,, = u and lim,_y, = v.
Taking the limit as n — oo, we get

u=limx, = imT(x,_1,Vn_1) = T(lim Xp_1, lim )’n—1) =T(u,v)
n—oo n—-oo n—oo n—>oo

and
v=limy, = limT(y,_1,xp_1) = T(lim Yn-1, lim xn_l) = T(v,u).
n—oo n—oo n—oo n—-oo

Therefore u = T(u,v) and v = T(v,u) . Thus we proved that T has a coupled fixed point
inX. O

Theorem 20. Let (X,d) be a complete dqb-metric space with coefficientk. Let T : X X X —
X be continuous mappings such that

d(T(x, ), T(u, v)) < ad(x,T(x, y)) + ,Bd(u,T(u, v))
(2.18)

forallx,y,u,v € X where0 < a + f < % Then T has unique coupled fixed point in X.

Proof. Let (x,,y,) be any arbitrarily fixed point in X X X. We construct two sequences

{x,} and {y,,} such that x,, = T(x,_1, Yn—1) and y, = T(Y_1, X,_1)- Using equation (2.18),
we can write

d(x1,x) = d(T(on’o); T(x1’Y1))

< ad(xo, T (x0,¥0)) + Bd(x1, T (x1, 1))
< ad(xy, x1) + Bd (x4, x3)

a
= d(xy,x;) < ——=d(xp,x9).

<1-p

a
Putﬁ =y < 1. Then,

d(xq1, x3) < yd(xg, x1).
(2.19)

Now, consider

d(xy,x3) = d(T(xp y1), T (x3, 3’2))

< ad(xl, T(x1'3’1)) + ,Bd(xz' T(xz'YZ))
< ad(xq1,x5) + Bd(xy,x3)

(44
— d(xz,x3) S _d(xl,xz).

1-p
Using equation [7.31] this implies that
d(xz,x3) < y?d(xg, x1).

Proceeding in this way, in general, we can write,
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d(xn: xn+1) < ynd(xo; xl)-
(2.20)

Similarly,

dWVn Yn+1) < v d (Yo, ¥1)-
(2.21)

Now, for m,n € N and n < m, using triangular inequality of the definition and using
inequality [7.32],

d(xn' xm) < kd(xn, xn+1) + kzd(xn+1rxn+2) + ot km_nd(xm—ltxm)
< [ky™ + k?y™1 + oo + K™y ™m 1 d (%0, x1)
= [(R)y™ 1t + (k)Y + o+ (k)™ d (0, 1)
< (m—n)y™ *d(xo,x1)
<y™1n, where n=>mn-—m)d(xyx).

Taking limit as n,m — oo, we get
lim d(x,,x,,) = 0.
m,n—co
(2.22)

Similarly, consider

d(yn' ym) < kd()’nr yn+1) + kzd(yn+1' yn+2) + et km_nd(ym—lt ym)
< [ky™ + k2y™E 4 o+ K™y d (30, 1)
= [(ky)y™ 1 4+ k)?y™ + 4+ )™y Hd (0, Y1)
< (m—n)y" td(ye, y1)
<y"1n, where n=>(m-—n)d(y y.).

Taking limit as n,m — oo, we get

lim d(yn, ym) = 0.
mmn—oo
(2.23)

On the similar line using inequality (2.18), consider

d(xz,x1) = d(T(x1'Y1)'T(xo'}’0))
< ad(xl, T (xy, }’1)) + ﬁd(xol T (xo, }’0))
< ad(xq1,x3) + Bd(xg, x1).

Using equation (2.19), we get
d(xz,%1) < (ay + B)d(xo, x1).
Letus write ay + f = § < 1. Then
d(xy,x1) < 8d(xg, x1)-
Proceeding in this way, in general, we can write,

d(Xny1,2%0) < 6™d(xg, x1). (2.24)
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Similarly,

d(Yn+1,Yn) < 8™d (Yo, y1). (2.25)
Now, for m,n € N and n < m, using triangular inequality of the definition and using
equation [7.35]

d(xm'xn) < kd(xn+1:xn) + kzd(xn+2'xn+1) + et km_nd(xm' xm—l)
< [k6™ + k2™ + oo + k™S d (%, X1)
= [(k&)6™ L + (k6)286™ L + - + (k&)™ 6™ 1] d (x, x1)
< (m—-—n)é"1d(xy,x;)
< 8" 1y, where n=(m—n)d(xy x1).

Taking limit as n,m — oo, we get

lim d(x,,,x,) = 0. (2.26)
m,n—oo
Similarly, consider

d(ym' yn) < kd(yn+1r yn) + kzd(yn+2' yn+1) + et km_nd(ymr ym—l)
< [k6™ + k26™ 1 + -+ k™8™ d (g, y1)
= [(k&)6™ ! + (k6)26™ 1 4 - + (k)™ 6™ 1]d (o, y1)
< (m-n)6""d(yo,y1)
< 6" 1n, where 7= (m—n)d(,, yi).

Taking limit as n,m — oo we get
lim d(ym, v) = 0.
m,n—co

Thus from equations (2.22), (2.23), (2.26) and (2.27), {x,} and {y,,} are Cauchy sequences
in X. Since X is complete dgb-metric space, there exist u, v € X such thatx,, - uand y,, =
v. We claim that (u, v) is a coupled fixed point of T. As T is continuous,

Xns1 = T (X, yn) = u =T(u,v). (2.28)
Similarly,

Y1 =T yn) = v =Tw,u). (2.28)
Thus (u, v) is a coupled fixed point of T in X.

Now we prove uniqueness of coupled fixed point (u,v). Let, if possible, (u,,v;) be
another coupled fixed point of T in X.

d(u,uy) = d(T(u, v), T (u, v)) < ad(u,T(u, v)) + [S’d(u,T(u, v))
< ad(u,u) + pd(u,u) = 0.

Also

d(uy,u) = d(T(u, v), T (u, v)) < ad(u,T(u, v)) + ,Bd(u,T(u, v))
< ad(u,u) + fd(u,u) = 0.

Thus u = u,. Now, consider

Volume IX, Issue | (January 2024) Page 36



@3 Cosmos Multidisciplinary Research E-Journal Online Available at Www.cmrj.in

Recognized International Peer Reviewed Journal Impact Factor 5.69 ISSN No. 2456-1665

d(v,v)) = d(T(v, u), T (v, u)) < ad(v,T(v, u)) + ﬁd(v,T(U, u))
< ad(v,v) + Bd(v,v) = 0.

Also,

d(vy,v) = d(T(v, u), T (v, u)) < ad(v,T(v, u)) + ,Bd(v,T(v, u))
< ad(v,v) + Bd(v,v) = 0.

Thus v = v,. Hence (u, v) = (uy,v;). And thus uniqueness of coupled fixed point of T in
X is established. O
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