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Abstract: This paper presents the existence and uniqueness of the coupled fixed point results for mapping 
satisfying different contractive conditions in dislocated quasi b-metric spaces. 

Introduction and Preliminaries 

Definition 1. [4]  Let 𝑋 be a non-empty set. Let the mapping 𝑑: 𝑋 × 𝑋 → [0, ∞) and 
constant 𝑘 ≥ 1 satisfy following conditions: 

1. 𝑑(𝑥, 𝑦) = 0 = 𝑑(𝑦, 𝑥) ⇒ 𝑥 = 𝑦, ∀𝑥, 𝑦 ∈ 𝑋 

2. 𝑑(𝑥, 𝑦) ≤ 𝑘[𝑑(𝑥, 𝑧) + 𝑑(𝑧, 𝑦)], ∀𝑥, 𝑦, 𝑧 ∈ 𝑋. 

Then 𝑑 is called a dislocated quasi-𝑏-metric and the ordered pair (𝑋, 𝑑) is called 
dislocated quasi-𝑏-metric space or in short 𝑑𝑞𝑏-metric space. The constant 𝑘 is called 
coefficient of (𝑋, 𝑑). 

It is clear that 𝑏-metric spaces, quasi-𝑏-metric spaces and 𝑏-metric-like spaces are 𝑑𝑞𝑏-
metric spaces but converse is not true. 

Example 2. [7]  Let 𝑋 = ℝା and for 𝑝 > 1, 𝑑: 𝑋 × 𝑋 → [0, ∞) be defined as, 

𝑑(𝑥, 𝑦) = |𝑥 − 𝑦|௣ + |𝑥|௣,   ∀𝑥, 𝑦 ∈ 𝑋. 

Then (𝑋, 𝑑) is 𝑑𝑞𝑏-metric space with 𝑘 = 2௣ > 1. It is easy to check that (𝑋, 𝑑) is not 𝑏-
metric space and also not dislocated quas-metric space. 

Example 3. [4]  Let 𝑋 = ℝ and suppose, 

𝑑(𝑥, 𝑦) = |2𝑥 − 𝑦|ଶ + |2𝑥 + 𝑦|ଶ,   ∀𝑥, 𝑦 ∈ ℝ. 

Then (𝑋, 𝑑) is 𝑑𝑞𝑏-metric space with coefficient 𝑘 = 2. Clearly, (𝑋, 𝑑) is not a quasi-𝑏-
metric space. Also (𝑋, 𝑑) is not dislocated quasi-metric space. 

Definition 4. [4]   A sequence {𝑥௡} in a 𝑑𝑞𝑏-metric space (𝑋, 𝑑),  𝑑𝑞𝑏 −converges to 𝑥 ∈ 𝑋 
if 

lim
௡→ஶ

𝑑(𝑥௡, 𝑥) = 0 = lim
௡→ஶ

𝑑(𝑥, 𝑥௡). 

In this case 𝑥 is called 𝑑𝑞𝑏-limit of {𝑥௡} and {𝑥௡} is said to be 𝑑𝑞𝑏-convergent to 𝑥, written 
as 𝑥௡ → 𝑥. 

Definition 5.  A sequence {𝑥௡} in a 𝑑𝑞𝑏-metric space (𝑋, 𝑑) is called as 𝑑𝑞𝑏-Cauchy 
sequence if 
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lim
௡,௠→ஶ

𝑑(𝑥௡, 𝑥௠) = 0 = lim
௡,௠→ஶ

𝑑(𝑥௠, 𝑥௡). 

Definition 6. [4]   A 𝑑𝑞𝑏-metric space (𝑋, 𝑑) is said to be 𝑑𝑞𝑏-complete if every 𝑑𝑞𝑏-
Cauchy sequence in it is 𝑑𝑞𝑏-convergent in 𝑋. 

Definition 7. [3]   A subset 𝑀 of 𝑋 is said to be closed if and only if for each sequence {𝑥௡} 
in 𝑋 which converges to an element 𝑥 ∈ 𝑀. 

Definition 8. [3]  A subset 𝑆 of 𝑋 is bounded if there exists 𝑀 ∈ (0, ∞) such that 𝑑(𝑥, 𝑦) ≤
𝑀 for all 𝑥, 𝑦 ∈ 𝑆. 

Proposition 9. [9] Every subsequence of a 𝑑𝑞𝑏-convergent sequence in a 𝑑𝑞𝑏-metric space 
(𝑋, 𝑑) is 𝑑𝑞𝑏-convergent sequence. 

Proposition 10. [9] Every subsequence of a 𝑑𝑞𝑏-Cauchy sequence in a 𝑑𝑞𝑏-metric space 
(𝑋, 𝑑) is 𝑑𝑞𝑏-Cauchy sequence. 

Proposition 11. [9]  If (𝑋, 𝑑) is a 𝑑𝑞𝑏-metric space, then a function 𝑓: 𝑋 → 𝑋 is continuous 
if and only if 𝑥௡ → 𝑥 ⇒ 𝑓𝑥௡ → 𝑓𝑥. 

Lemma 12. [9]  Limit of a 𝑑𝑞𝑏-convergent sequence in 𝑑𝑞𝑏-metric space is unique. 

Proposition 13. [9] If 𝑢 is limit of some 𝑑𝑞𝑏-convergent sequence in a 𝑑𝑞𝑏-metric space 
(𝑋, 𝑑) then 𝑑(𝑢, 𝑢) = 0. 

Definition 14. [2]  An element (𝑥, 𝑦) ∈ 𝑋 × 𝑋 is called coupled fixed point of the mapping 
𝑇: 𝑋 × 𝑋 → 𝑋 if 𝑇(𝑥, 𝑦) = 𝑥 and 𝑇(𝑦, 𝑥) = 𝑦. 

Definition 15.  An element (𝑥, 𝑦) ∈ 𝑋 × 𝑋 is called coupled coincidence point of the 
mapping 𝑇 : 𝑋 × 𝑋 → 𝑋 and ℎ : 𝑋 → 𝑋 if 𝑇(𝑥, 𝑦) = ℎ𝑥 and 𝑇(𝑦, 𝑥) = ℎ𝑦. 

Definition 16.  Suppose 𝑋 is a non-empty set. Then the mappings 𝑇: 𝑋 × 𝑋 → 𝑋 and 
ℎ: 𝑋 → 𝑋 are commutative if ℎ𝑇(𝑥, 𝑦) = 𝑇(ℎ𝑥, ℎ𝑦) for all 𝑥, 𝑦 ∈ 𝑋. 

Lemma 17.  Let (𝑋, 𝑑) be a 𝑑𝑞𝑏-metric space. Let 𝐹: 𝑋 × 𝑋 → 𝑋 and 𝑔: 𝑋 → 𝑋 be two 
mappings such that 

𝑑൫𝐹(𝑥, 𝑦), 𝐹(𝑢, 𝑣)൯ ≤ 𝛼[𝑑(𝑔𝑥, 𝑔𝑢) + 𝑑(𝑔𝑦, 𝑔𝑣)], 

for all 𝑥, 𝑦, 𝑢, 𝑣 ∈ 𝑋. Assume that (𝑥, 𝑦) is a coupled coincidence point of the mappings 𝐹 and 
𝑔. If  2𝛼𝑘 < 1, with 𝛼 ∈ [0,1) and 𝑘 ≥ 1. Then 𝐹(𝑥, 𝑦) = 𝑔𝑥 = 𝑔𝑦 = 𝐹(𝑦, 𝑥). 

Main Results 

Theorem 18.  Let (𝑋, 𝑑) be a 𝑑𝑞𝑏-metric space. Let 𝑇 : 𝑋 × 𝑋 → 𝑋 and 𝑓 : 𝑋 → 𝑋 be two 
continuous mappings such that 

 𝑑൫𝑇(𝑥, 𝑦), 𝑇(𝑢, 𝑣)൯ ≤ 𝛼𝑑(𝑓𝑥, 𝑓𝑢) +

𝛽𝑑(𝑓𝑦, 𝑓𝑣),                                                                            (2.1) for all 𝑥, 𝑦, 𝑢, 𝑣 ∈ 𝑋, where 𝛼 and 
𝛽 are constants such that 0 < 𝛼 + 𝛽 <

ଵ

௞
. Assume that 𝑇 and 𝑓 satisfy the following 

conditions: 

1. 𝑓(𝑋) is a complete 𝑑𝑞𝑏-metric space. 
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2. 𝑓 commutes with 𝑇. 

3. 𝑇(𝑋 × 𝑋) ⊆ 𝑔(𝑋) . 

Then there exists unique coupled fixed point of 𝑇 in 𝑋. 

Proof. Let (𝑥଴, 𝑦଴) be any arbitrarily fixed point in 𝑋 × 𝑋. Using (iii), we find (𝑥ଵ, 𝑦ଵ) ∈ 𝑋 ×
𝑋 such that 𝑇(𝑥଴, 𝑦଴) = 𝑓𝑥ଵ and 𝑇(𝑦଴, 𝑥଴) = 𝑓𝑦ଵ. If we continue this way, we get two 
sequences of points in 𝑋 namely {𝑥௡} and {𝑦௡}, with 𝑓𝑥௡ାଵ = 𝑇(𝑥௡, 𝑦௡) and 𝑓𝑦௡ାଵ =
𝑇(𝑦௡, 𝑥௡). Using inequality (2.1), for arbitrary 𝑛 ∈ 𝑁, we have 

𝑑(𝑓𝑥௡, 𝑓𝑥௡ାଵ) = 𝑑൫𝑇(𝑥௡ିଵ, 𝑦௡ିଵ), 𝑇(𝑥௡, 𝑦௡)൯

≤ 𝛼𝑑(𝑓𝑥௡ିଵ, 𝑓𝑥௡) + 𝛽𝑑(𝑓𝑦௡ିଵ, 𝑓𝑦௡).
 

Similarly, 

𝑑(𝑓𝑦௡, 𝑓𝑦௡ାଵ) = 𝑑൫𝑇(𝑦௡ିଵ, 𝑥௡ିଵ), 𝑇(𝑦௡, 𝑥௡)൯

≤ 𝛼𝑑(𝑓𝑦௡ିଵ, 𝑓𝑦௡) + 𝛽𝑑(𝑓𝑥௡ିଵ, 𝑓𝑥௡).
 

Now summing up these two inequalities, we get 

𝑑(𝑓𝑥௡, 𝑓𝑥௡ାଵ) + 𝑑(𝑓𝑦௡, 𝑓𝑦௡ାଵ) ≤ (𝛼 + 𝛽)[𝑑(𝑓𝑥௡ିଵ, 𝑓𝑥௡) + 𝑑(𝑓𝑦௡ିଵ, 𝑓𝑦௡)]. 

Thus writing, 𝑑௡ = 𝑑(𝑓𝑥௡, 𝑓𝑥௡ାଵ) + 𝑑(𝑓𝑦௡, 𝑓𝑦௡ାଵ), we get 

𝑑௡ ≤ (𝛼 + 𝛽)𝑑௡ିଵ. 

Let 𝛼 + 𝛽 = 𝛾. Then 

0 ≤ 𝑑௡ ≤ 𝛾𝑑௡ିଵ, ∀𝑛 ∈ 𝑁. 

By induction on 𝑛, we get 

0 ≤ 𝑑௡ ≤ 𝛾௡𝑑଴, ∀𝑛 ∈ 𝑁.                                                    (2.2) 

Now, for 𝑚, 𝑛 ∈ 𝑁 and 𝑛 < 𝑚, using triangular inequality of the definition, 

𝑑(𝑓𝑥௡, 𝑓𝑥௠) ≤ 𝑘𝑑(𝑓𝑥௡, 𝑓𝑥௡ାଵ) + 𝑘ଶ𝑑(𝑓𝑥௡ାଵ, 𝑓𝑥௡ାଶ) + ⋯ + 𝑘௠ି௡𝑑(𝑓𝑥௠ିଵ, 𝑓𝑥௠). 

Similarly, 

𝑑(𝑓𝑦௡, 𝑓𝑦௠) ≤ 𝑘𝑑(𝑓𝑦௡, 𝑓𝑦௡ାଵ) + 𝑘ଶ𝑑(𝑓𝑦௡ାଵ, 𝑓𝑦௡ାଶ) + ⋯ + 𝑘௠ି௡𝑑(𝑓𝑦௠ିଵ, 𝑓𝑦௠). 

Adding these inequalities and using (2.2), we get 

𝑑(𝑓𝑥௡, 𝑓𝑥௠) + 𝑑(𝑓𝑦௡, 𝑓𝑦௠) ≤ 𝑘[𝑑(𝑓𝑥௡, 𝑓𝑥௡ାଵ) + 𝑑(𝑓𝑦௡, 𝑓𝑦௡ାଵ)]

 +𝑘ଶ[𝑑(𝑓𝑥௡ାଵ, 𝑓𝑥௡ାଶ) + 𝑑(𝑓𝑦௡ାଵ, 𝑓𝑦௡ାଶ)]

 + ⋯ + 𝑘௠ି௡[𝑑(𝑓𝑥௠ିଵ, 𝑓𝑥௠) + 𝑑(𝑓𝑦௠ିଵ, 𝑓𝑦௠)]

≤ [𝑘𝛾௡ + 𝑘ଶ𝛾௡ାଵ + ⋯ + 𝑘௠ି௡𝛾௠ିଵ]𝑑଴

= [(𝑘𝛾)𝛾௡ିଵ + (𝑘𝛾)ଶ𝛾௡ିଵ + ⋯ + (𝑘𝛾)௠ି௡𝛾௡ିଵ]𝑑଴

≤ (𝑚 − 𝑛)𝛾௡ିଵ𝑑଴

≤ 𝛾௡ିଵ𝜂,  where 𝜂 ≥ (𝑚 − 𝑛)𝑑଴.

 

Taking limit as 𝑛, 𝑚 → ∞, we get 
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lim
௠,௡→ஶ

𝑑(𝑓𝑥௡, 𝑓𝑥௠) = 0 and lim
௠,௡→ஶ

𝑑(𝑓𝑦௡, 𝑓𝑦௠) = 0.                                              (2.3) 

On the similar lines using equation  (2.1), for arbitrary 𝑛 ∈ 𝑁, we can write 

𝑑(𝑓𝑥௡ାଵ, 𝑓𝑥௡) = 𝑑൫𝑇(𝑥௡, 𝑦௡), 𝑇(𝑥௡ିଵ, 𝑦௡ିଵ)൯

≤ 𝛼𝑑(𝑓𝑥௡, 𝑓𝑥௡ିଵ) + 𝛽𝑑(𝑓𝑦௡, 𝑓𝑦௡ିଵ).
 

Similarly, 

𝑑(𝑓𝑦௡ାଵ, 𝑓𝑦௡) = 𝑑൫𝑇(𝑦௡, 𝑥௡), 𝑇(𝑦௡ିଵ, 𝑥௡ିଵ)൯

≤ 𝛼𝑑(𝑓𝑦௡, 𝑓𝑦௡ିଵ) + 𝛽𝑑(𝑓𝑥௡, 𝑓𝑥௡ିଵ).
 

Now summing up these two inequalities, we get 

𝑑(𝑓𝑥௡ାଵ, 𝑓𝑥௡) + 𝑑(𝑓𝑦௡ାଵ, 𝑓𝑦௡) ≤ (𝛼 + 𝛽)[𝑑(𝑓𝑥௡, 𝑓𝑥௡ିଵ) + 𝑑(𝑓𝑦௡, 𝑓𝑦௡ିଵ)]. 

Thus writing, 𝑑௡
ᇱ = 𝑑(𝑓𝑥௡ାଵ, 𝑓𝑥௡) + 𝑑(𝑓𝑦௡ାଵ, 𝑓𝑦௡), we get 

𝑑௡
ᇱ ≤ (𝛼 + 𝛽)𝑑௡ିଵ

ᇱ . 

Let 𝛼 + 𝛽 = 𝛾. Then 

0 ≤ 𝑑௡
ᇱ ≤ 𝛾𝑑௡ିଵ

ᇱ , ∀𝑛 ∈ 𝑁. 

By induction on 𝑛, we get 

0 ≤ 𝑑௡
ᇱ ≤ 𝛾௡𝑑଴

ᇱ , ∀𝑛 ∈ 𝑁.                                                    (2.4) 

Now, for 𝑚, 𝑛 ∈ 𝑁 and 𝑛 < 𝑚, using triangular inequality of the definition, 

𝑑(𝑓𝑥௠, 𝑓𝑥௡) ≤ 𝑘𝑑(𝑓𝑥௠, 𝑓𝑥௠ିଵ) + 𝑘ଶ𝑑(𝑓𝑥௠ିଵ, 𝑓𝑥௠ିଶ) + ⋯ + 𝑘௠ି௡𝑑(𝑓𝑥௠ି௡ାଵ, 𝑓𝑥௡) 

Similarly, 

𝑑(𝑓𝑦௠, 𝑓𝑦௡) ≤ 𝑘𝑑(𝑓𝑦௠, 𝑓𝑦௠ିଵ) + 𝑘ଶ𝑑(𝑓𝑦௠ିଵ, 𝑓𝑦௠ିଶ) + ⋯ + 𝑘௠ି௡𝑑(𝑓𝑦௠ି௡ାଵ, 𝑓𝑦௡). 

Adding these inequalities and using equation (2.4) 

𝑑(𝑓𝑥௠, 𝑓𝑥௡) + 𝑑(𝑓𝑦௠, 𝑓𝑦௡) ≤ 𝑘[𝑑(𝑓𝑥௡ାଵ, 𝑓𝑥௡) + 𝑑(𝑓𝑦௡ାଵ, 𝑓𝑦௡)]

 +𝑘ଶ[𝑑(𝑓𝑥௡ାଶ, 𝑓𝑥௡ାଵ) + 𝑑(𝑓𝑦௡ାଶ, 𝑓𝑦௡ାଵ)] + ⋯

 +𝑘௠ି௡[𝑑(𝑓𝑥௠, 𝑓𝑥௠ିଵ) + 𝑑(𝑓𝑦௠, 𝑓𝑦௠ିଵ)]

≤ [𝑘𝛾௡ + 𝑘ଶ𝛾௡ାଵ + ⋯ + 𝑘௠ି௡𝛾௠ିଵ]𝑑଴
ᇱ

= [(𝑘𝛾)𝛾௡ିଵ + (𝑘𝛾)ଶ𝛾௡ିଵ + ⋯ + (𝑘𝛾)௠ି௡𝛾௡ିଵ]𝑑଴
ᇱ

≤ (𝑚 − 𝑛)𝛾௡ିଵ𝑑଴
ᇱ

≤ 𝛾௡ିଵ𝜂,  where 𝜂 ≥ (𝑚 − 𝑛)𝑑଴
ᇱ .

 

Taking limit as 𝑛, 𝑚 → ∞, we get 

lim
௠,௡→ஶ

𝑑(𝑓𝑥௠, 𝑓𝑥௡) = 0 and lim
௠,௡→ஶ

𝑑(𝑓𝑦௠, 𝑓𝑦௡) = 0.     (2.5) 

Thus from equations (2.3) and (2.5), {𝑓𝑥௡} and {𝑓𝑦௡} are Cauchy sequences in 𝑓(𝑋). Since 
𝑓(𝑋) is complete 𝑑𝑞𝑏-metric space, there exist 𝑢, 𝑣 ∈ 𝑓(𝑋) such that 𝑓𝑥௡ → 𝑢 and 𝑓𝑦௡ →
𝑣. Also 𝑇 and 𝑓 commute and are continuous. We claim that (𝑢, 𝑣) is a coupled fixed point 
of 𝑇. As 𝑇 and 𝑓 commute, 
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𝑓𝑓𝑥௡ାଵ = 𝑓𝑇(𝑥௡, 𝑦௡) = 𝑇(𝑓𝑥௡, 𝑓𝑦௡) ⇒ 𝑓𝑢 = 𝑇(𝑢, 𝑣).                 (2.6) 

Similarly, 

        𝑓𝑓𝑦௡ାଵ = 𝑓𝑇(𝑦௡, 𝑥௡) = 𝑇(𝑓𝑦௡, 𝑓𝑥௡) ⇒ 𝑓𝑣 = 𝑇(𝑣, 𝑢).                           (2.7) 

Now, consider 

𝑑(𝑇(𝑢, 𝑣), 𝑓𝑥௡ାଵ) = 𝑑൫𝑇(𝑢, 𝑣), 𝑇(𝑥௡, 𝑦௡)൯

≤ 𝛼𝑑(𝑓𝑢, 𝑓𝑥௡) + 𝛽𝑑(𝑓𝑣, 𝑓𝑦௡).
 

Also 

𝑑(𝑇(𝑣, 𝑢), 𝑓𝑦௡ାଵ) = 𝑑൫𝑇(𝑣, 𝑢), 𝑇(𝑦௡, 𝑥௡)൯

≤ 𝛼𝑑(𝑓𝑣, 𝑓𝑦௡) + 𝛽𝑑(𝑓𝑢, 𝑓𝑥௡).
 

Adding these two inequalities and letting 𝑛 → ∞, we get 

𝑑(𝑇(𝑢, 𝑣), 𝑢) + 𝑑(𝑇(𝑣, 𝑢), 𝑣) = lim
௡→ஶ

[𝑑(𝑇(𝑢, 𝑣), 𝑓𝑥௡ାଵ) + 𝑑(𝑇(𝑣, 𝑢), 𝑓𝑦௡ାଵ)]

≤ 𝛼𝑑(𝑓𝑢, 𝑢) + 𝛽𝑑(𝑓𝑣, 𝑣).
 

Using (2.6) and (2.7) we get 

𝑑(𝑓𝑢, 𝑢) + 𝑑(𝑓𝑣, 𝑣) ≤ 𝛼𝑑(𝑓𝑢, 𝑢) + 𝛽𝑑(𝑓𝑣, 𝑣)

⇒ 𝑑(𝑓𝑢, 𝑢) + 𝑑(𝑓𝑣, 𝑣) < 𝑑(𝑓𝑢, 𝑢) + 𝑑(𝑓𝑣, 𝑣).
 

since 𝛼, 𝛽 < 1. Which is a contradiction unless 𝑑(𝑓𝑢, 𝑢) = 0 and 𝑑(𝑓𝑣, 𝑣) = 0. On the 
similar lines we can prove that 𝑑(𝑢, 𝑓𝑢) = 0 and 𝑑(𝑣, 𝑓𝑣) = 0. Which leads us to conclude 
that 𝑓𝑢 = 𝑢 and 𝑓𝑣 = 𝑣. This in turn gives 𝑇(𝑢, 𝑣) = 𝑢 and 𝑇(𝑣, 𝑢) = 𝑣. Thus (𝑢, 𝑣) is a 
coupled fixed point of 𝑇 in 𝑋. 

Now, we prove uniqueness of coupled fixed point (𝑢, 𝑣). Let, if possible, (𝑢ଵ, 𝑣ଵ) be 
another coupled fixed point of 𝑇 in 𝑋. 

𝑑(𝑢, 𝑢ଵ) = 𝑑൫𝑇(𝑢, 𝑣), 𝑇(𝑢, 𝑣)൯ ≤ 𝛼𝑑(𝑓𝑢, 𝑓𝑢) + 𝛽𝑑(𝑓𝑣, 𝑓𝑣)

≤ 𝛼𝑑(𝑢, 𝑢) + 𝛽𝑑(𝑣, 𝑣) = 0.
 

Also, 

𝑑(𝑢ଵ, 𝑢) = 𝑑൫𝑇(𝑢, 𝑣), 𝑇(𝑢, 𝑣)൯ ≤ 𝛼𝑑(𝑓𝑢, 𝑓𝑢) + 𝛽𝑑(𝑓𝑣, 𝑓𝑣)

≤ 𝛼𝑑(𝑢, 𝑢) + 𝛽𝑑(𝑣, 𝑣) = 0.
 

Thus 𝑢 = 𝑢ଵ. Also, consider 

𝑑(𝑣, 𝑣ଵ) = 𝑑൫𝑇(𝑣, 𝑢), 𝑇(𝑣, 𝑢)൯ ≤ 𝛼𝑑(𝑓𝑣, 𝑓𝑣) + 𝛽𝑑(𝑓𝑢, 𝑓𝑢) ≤ 𝛼𝑑(𝑣, 𝑣) + 𝛽𝑑(𝑢, 𝑢) = 0. 

𝑑(𝑣ଵ, 𝑣) = 𝑑൫𝑇(𝑣, 𝑢), 𝑇(𝑣, 𝑢)൯ ≤ 𝛼𝑑(𝑓𝑣, 𝑓𝑣) + 𝛽𝑑(𝑓𝑢, 𝑓𝑢). ≤ 𝛼𝑑(𝑣, 𝑣) + 𝛽𝑑(𝑢, 𝑢) = 0. 

Thus 𝑣 = 𝑣ଵ. Hence (𝑢, 𝑣) = (𝑢ଵ, 𝑣ଵ). And thus uniqueness of coupled fixed point of 𝑇 in 𝑋 
is established. ◻ 

Define 𝛷 and 𝛹 as follows 
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𝛷 = {𝜙: [0, ∞) → [0, ∞) | 𝜙 is continuous and non-decreasing, 𝜙(𝑡) = 0 ⇔ 𝑡 = 0,

 𝜙(𝑡 + 𝑠) ≤ 𝜙(𝑡) + 𝜙(𝑠), ∀ 𝑠, 𝑡 ∈ [0, ∞)}.

𝛹 = ቄ𝜓: [0, ∞) → [0, ∞) | lim
௧→௥

𝜓(𝑡) > 0, ∀𝑟 > 0 and lim
௧→଴శ

𝜓(𝑡) = 0ቅ .

 

Theorem 19.  Let (𝑋, 𝑑) be a complete 𝑑𝑞𝑏-metric space. Let 𝑇 : 𝑋 × 𝑋 → 𝑋 be continuous 
mappings such that 

 𝜙 ቀ𝑑൫𝑇(𝑥, 𝑦), 𝑇(𝑢, 𝑣)൯ቁ ≤
ଵ

ଶ
𝜙൫𝑑(𝑥, 𝑢) + 𝑑(𝑦, 𝑣)൯ − 𝜓 ቀ

ௗ(௫,௨)ାௗ(௬,௩)

ଶ
ቁ                              (2.8) 

for all 𝑥, 𝑦, 𝑢, 𝑣 ∈ 𝑋. Then 𝑇 has a coupled fixed point in 𝑋. 

Proof. Let (𝑥଴, 𝑦଴) be any arbitrarily fixed point in 𝑋 × 𝑋. We can find (𝑥ଵ, 𝑦ଵ) ∈ 𝑋 × 𝑋 
such that 𝑇(𝑥଴, 𝑦଴) = 𝑥ଵ and 𝑇(𝑦଴, 𝑥଴) = 𝑦ଵ. If we continue this way, we get two 
sequences of points in 𝑋 namely {𝑥௡} and {𝑦௡}, with 𝑥௡ାଵ = 𝑇(𝑥௡, 𝑦௡) and 𝑦௡ାଵ =
𝑇(𝑦௡, 𝑥௡). We use 𝑝௡ = 𝑑(𝑥௡, 𝑥௡ାଵ), 𝑞௡ = 𝑑(𝑦௡, 𝑦௡ାଵ),  𝑝′௡ = 𝑑(𝑥௡ାଵ,  𝑥௡),  𝑞′௡ =
𝑑(𝑦௡ାଵ, 𝑦௡). Also 𝑑௡ = 𝑝௡ + 𝑞௡,  𝑑′௡ = 𝑝′௡ + 𝑞′௡. Using inequality (2.8), for arbitrary 𝑛 ∈
𝑁, we have 

𝜙(𝑝௡) = 𝜙൫𝑑(𝑥௡, 𝑥௡ାଵ)൯ = 𝑑൫𝑇(𝑥௡ିଵ, 𝑦௡ିଵ), 𝑇(𝑥௡, 𝑦௡)൯

≤
1

2
𝜙൫𝑑(𝑥௡ିଵ, 𝑥௡) + 𝑑(𝑦௡ିଵ, 𝑦௡)൯ − 𝜓൫𝑑(𝑥௡ିଵ, 𝑥௡) + 𝑑(𝑦௡ିଵ, 𝑦௡)൯

=
1

2
𝜙(𝑝௡ିଵ + 𝑞௡ିଵ) − 𝜓 ൬

𝑝௡ିଵ + 𝑞௡ିଵ

2
൰                                 (2.9)

 

Similarly 

𝜙(𝑞௡) = 𝜙൫𝑑(𝑦௡, 𝑦௡ାଵ)൯ = 𝑑൫𝑇(𝑦௡ିଵ, 𝑥௡ିଵ), 𝑇(𝑦௡, 𝑥௡)൯

≤
1

2
𝜙൫𝑑(𝑦௡ିଵ, 𝑦௡) + 𝑑(𝑥௡ିଵ, 𝑥௡)൯ − 𝜓൫𝑑(𝑦௡ିଵ, 𝑦௡) + 𝑑(𝑥௡ିଵ, 𝑥௡)൯

=
1

2
𝜙(𝑝௡ିଵ + 𝑞௡ିଵ) − 𝜓 ൬

𝑝௡ିଵ + 𝑞௡ିଵ

2
൰.                                (2.10)

 

Adding (2.9) and (2.10) and using property of 𝜙, we get 

𝜙(𝑝௡ + 𝑞௡) ≤ 𝜙(𝑝௡) + 𝜙(𝑞௡)

=
1

2
𝜙(𝑝௡ିଵ + 𝑞௡ିଵ) − 𝜓 ൬

𝑝௡ିଵ + 𝑞௡ିଵ

2
൰ +

1

2
𝜙(𝑝௡ିଵ + 𝑞௡ିଵ) − 𝜓 ൬

𝑝௡ିଵ + 𝑞௡ିଵ

2
൰

≤ 𝜙(𝑝௡ିଵ + 𝑞௡ିଵ)

⇒   𝑝௡ + 𝑞௡ ≤ 𝑝௡ିଵ + 𝑞௡ିଵ.                                                                                                      (2.11)

 

Let us write 𝑑௡ = 𝑝௡ + 𝑞௡, and note that 𝑑௡ is a non-increasing sequence of real numbers 
which is bounded below by 0 and hence there is some 𝛾 ≥ 0 such that 

lim
௡→ஶ

𝑑௡ = lim
௡→ஶ

[𝑝௡ + 𝑞௡] = 𝛾. 

We claim that 𝛾 = 0. Suppose that 𝛾 > 0. Then taking the limit as 𝑛 → ∞ of both and 
using properties of 𝜙 and 𝜓, we have 

𝜙(𝛾) = lim
௡→ஶ

𝜙(𝑑௡) ≤ lim
௡→ஶ

൤𝜙(𝑑௡ିଵ) − 2𝜓 ൬
𝑑௡ିଵ

2
൰൨ = 𝜙(𝛾) − 2 lim

ௗ೙షభ→ఊ
𝜓 ൬

𝑑௡ିଵ

2
൰ < 𝜙(𝛾) 

which is clearly a contradiction. Thus 𝛾 = 0, that is, 
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lim
௡→ஶ

𝑑௡ = lim
௡→ஶ

[𝑝௡ + 𝑞௡] = 0.     (2.12) 

On the similar line, consider 

𝜙(𝑝′௡) = 𝜙൫𝑑(𝑥௡ାଵ, 𝑥௡)൯ = 𝑑൫𝑇(𝑥௡, 𝑦௡), 𝑇(𝑥௡ିଵ, 𝑦௡ିଵ)൯

≤
1

2
𝜙൫𝑑(𝑥௡, 𝑥௡ିଵ) + 𝑑(𝑦௡, 𝑦௡ିଵ)൯ − 𝜓൫𝑑(𝑥௡, 𝑥௡ିଵ) + 𝑑(𝑦௡, 𝑦௡ିଵ)൯

=
1

2
𝜙(𝑝′௡ିଵ + 𝑞′௡ିଵ) − 𝜓 ቆ

𝑝′௡ିଵ + 𝑞′௡ିଵ

2
ቇ.                    (2.13)

 

Similarly 

𝜙(𝑞′௡) = 𝜙൫𝑑(𝑦௡ାଵ, 𝑦௡)൯ = 𝑑൫𝑇(𝑦௡, 𝑥௡), 𝑇(𝑦௡ିଵ, 𝑥௡ିଵ)൯

≤
1

2
𝜙൫𝑑(𝑦௡, 𝑦௡ିଵ) + 𝑑(𝑥௡, 𝑥௡ିଵ)൯ − 𝜓൫𝑑(𝑦௡, 𝑦௡ିଵ) + 𝑑(𝑥௡, 𝑥௡ିଵ)൯

=
1

2
𝜙(𝑝′௡ିଵ + 𝑞′௡ିଵ) − 𝜓 ቆ

𝑝′௡ିଵ + 𝑞′௡ିଵ

2
ቇ.                     (2.14)

 

Adding (2.13) and (2.14) and using property of 𝜙, we get 

𝜙(𝑝′௡ + 𝑞′௡) ≤ 𝜙(𝑝′௡) + 𝜙(𝑞′௡)

=
1

2
𝜙(𝑝′௡ିଵ + 𝑞′௡ିଵ) − 𝜓 ቆ

𝑝′௡ିଵ + 𝑞′௡ିଵ

2
ቇ +

1

2
𝜙(𝑝′௡ିଵ + 𝑞′௡ିଵ) − 𝜓 ቆ

𝑝′௡ିଵ + 𝑞′௡ିଵ

2
ቇ

≤ 𝜙(𝑝௡ିଵ + 𝑞௡ିଵ)

⇒ 𝑝′௡ + 𝑞′௡ ≤ 𝑝′௡ିଵ + 𝑞′௡ିଵ.                                                                                                (2.15)

 

Let us write 𝑑′௡ = 𝑝௡ + 𝑞௡, and note that 𝑑′௡ is a non-increasing sequence of real 
numbers which is bounded below by 0 and hence there is some 𝛾′ ≥ 0 such that 

lim
௡→ஶ

𝑑′௡ = lim
௡→ஶ

[𝑝′௡ + 𝑞′௡] = 𝛾′. 

We claim that 𝛾′ = 0. Suppose that 𝛾′ > 0. Then taking the limit as 𝑛 → ∞ of both and 
using properties of 𝜙 and 𝜓, we have 

𝜙(𝛾) = lim
௡→ஶ

𝜙(𝑑′௡) ≤ lim
௡→ஶ

ቈ𝜙(𝑑′௡ିଵ) − 2𝜓 ቆ
𝑑′௡ିଵ

2
ቇ቉ = 𝜙(𝛾′) − 2 lim

ௗᇱ೙షభ→ఊᇱ
𝜓 ቆ

𝑑′௡ିଵ

2
ቇ

< 𝜙(𝛾′). 

which is clearly a contradiction. Thus 𝛾′ = 0, that is, 

lim
௡→ஶ

𝑑′௡ = lim
௡→ஶ

[𝑝′௡ + 𝑞′௡] = 0.     (2.16) 

Now, we wish to show that {𝑥௡} and {𝑦௡} are Cauchy sequences in 𝑋. Suppose to the 
contrary, that at least of {𝑥௡} or {𝑦௡} is not Cauchy sequence. Then there exists an 𝜖 > 0 
for which we can find subsequences {𝑥௡(௜)}, {𝑥௠(௜)} of {𝑥௡} and {𝑦௡(௜)}, {𝑦௠(௜)} of {𝑦௡} with 
𝑛(𝑖) > 𝑚(𝑖) ≥ 𝑖 such that 

𝑑൫𝑥௡(௜), 𝑥௠(௜)൯ + 𝑑൫𝑦௡(௜), 𝑦௠(௜)൯ ≥ 𝜖. 

For 𝑚(𝑖) , we can choose 𝑛(𝑖) in such a way that it is the smallest integer with 𝑛(𝑖) >
𝑚(𝑖) ≥ 𝑖 and satisfying above condition. Then 
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𝑑൫𝑥௡(௜)ିଵ, 𝑥௠(௜)) + 𝑑(𝑦௡(௜)ିଵ, 𝑦௠(௜)൯ < 𝜖.    (2.17) 

Using above two inequalities and the triangle inequality, we have 

𝜖 ≤ 𝑑൫𝑥௡(௜), 𝑥௠(௜)൯ + 𝑑൫𝑦௡(௜), 𝑦௠(௜)൯

≤ 𝑘ൣ𝑑൫𝑥௡(௜), 𝑥௡(௜)ିଵ൯ + 𝑑൫𝑥௡(௜)ିଵ, 𝑥௠(௜)൯ + 𝑑൫𝑦௡(௜), 𝑦௡(௜)ିଵ൯ + 𝑑൫𝑦௡(௜)ିଵ, 𝑦௠(௜)൯൧

≤ 𝑘ൣ𝑝′௡(௜) + 𝑞′௡(௜)൧ + 𝑘𝜖.

 

We write 𝛼௜ = 𝑑൫𝑥௡(௜), 𝑥௠(௜)൯ + 𝑑൫𝑦௡(௜), 𝑦௠(௜)൯. Now letting 𝑖 → ∞ and using (2.12) and 
(2.16), we have 

lim
௜→ஶ

𝛼௜ = lim
௜→ஶ

ൣ𝑑൫𝑥௡(௜), 𝑥௠(௜)൯ + 𝑑൫𝑦௡(௜), 𝑦௠(௜)൯൧ = 𝑘𝜖. 

By the triangle inequality 

𝛼௜ = 𝑑൫𝑥௡(௜), 𝑥௠(௜)൯ + 𝑑൫𝑦௡(௜), 𝑦௠(௜)൯

≤ 𝑘[𝑑൫𝑥௡(௜), 𝑥௡(௜)ାଵ൯ + 𝑑൫𝑥௡(௜)ାଵ, 𝑥௠(௜)ାଵ൯ + 𝑑൫𝑥௠(௜)ାଵ, 𝑥௠(௜)൯

+𝑑൫𝑦௡(௜), 𝑦௡(௜)ାଵ൯ + 𝑑൫𝑦௡(௜)ାଵ, 𝑦௠(௜)ାଵ൯ + 𝑑൫𝑦௠(௜)ାଵ, 𝑦௠(௜)൯]

= 𝑘ൣ𝑑௡(௜) + 𝑑௠(௜) + 𝑑൫𝑥௡(௜)ାଵ, 𝑥௠(௜)ାଵ൯ + 𝑑൫𝑦௡(௜)ାଵ, 𝑦௠(௜)ାଵ൯൧.

 

Using the property of 𝜙, we have 

𝜙(𝑟௜) = 𝜙 ൬𝑘 ቀ𝑑௡(௜) + 𝑑௠(௜) + 𝑑൫𝑥௡(௜)ାଵ, 𝑥௠(௜)ାଵ൯ + 𝑑൫𝑦௡(௜)ାଵ, 𝑦௠(௜)ାଵ൯ቁ൰

≤ 𝜙 ቀ𝑘൫𝑑௡(௜) + 𝑑௠(௜)൯ቁ + 𝜙 ൬𝑘 ቀ𝑑൫𝑥௡(௜)ାଵ, 𝑥௠(௜)ାଵ൯ቁ൰ + 𝜙 ൬𝑘 ቀ𝑑൫𝑦௡(௜)ାଵ, 𝑦௠(௜)ାଵ൯ቁ൰ .
 

Now, consider 

𝜙 ቀ𝑑൫𝑥௡(௜)ାଵ, 𝑥௠(௜)ାଵ൯ቁ = 𝜙 ൬𝑘 ቀ𝑑(𝑇൫𝑥௡(௜), 𝑦௡(௜)൯, 𝑇൫𝑥௠(௜), 𝑦௠(௜)൯ቁ൰

≤ 𝑘 ቈ
1

2
𝜙 ቀ𝑑൫𝑥௡(௜), 𝑥௠(௜)൯ + 𝑑൫𝑦௡(௜), 𝑦௠(௜)൯ቁ − 𝜓 ቆ

𝑑൫𝑥௡(௜), 𝑥௠(௜)൯ + 𝑑൫𝑦௡(௜), 𝑦௠(௜

2

= 𝑘 ൤
1

2
𝜙(𝛼௜) − 𝜓 ቀ

𝛼௜

2
ቁ൨ .

Similarly, we also have 

𝜙 ቀ𝑑൫𝑦௠(௜)ାଵ, 𝑦௡(௜)ାଵ൯ቁ = 𝜙 ൬𝑘 ቀ𝑑(𝑇൫𝑦௠(௜), 𝑥௠(௜)൯, 𝑇൫𝑦௡(௜), 𝑥௡(௜)൯ቁ൰

≤ 𝑘 ቈ
1

2
𝜙 ቀ𝑑൫𝑦௠(௜),  𝑦௡(௜)൯ + 𝑑൫𝑥௠(௜), 𝑥௡(௜)൯ቁ − 𝜓 ቆ

𝑑(൫𝑦௠(௜), 𝑦௡(௜)൯ + 𝑑൫𝑥௠(௜)𝑥௡(

2

= 𝑘 ൤
1

2
𝜙(𝛼௜) − 𝜓 ቀ

𝛼௜

2
ቁ൨ .

From above, we have 

𝜙(𝛼௜) ≤ 𝜙 ቀ𝑘൫𝑑௡(௜) + 𝑑௠(௜)൯ቁ + 𝑘𝜙(𝛼௜) − 2𝑘𝜓 ቀ
𝛼௜

2
ቁ. 

Letting 𝑖 → ∞, we have 
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𝜙(𝑘𝜖) ≤ 𝑘𝜙(𝜖) ≤ 𝜙(0) + 𝑘𝜙(𝜖) − 2𝑘lim
௜→ஶ

𝜓 ቀ
𝛼௜

2
ቁ = 𝑘𝜙(𝜖) − 2𝑘lim

ఈ೔→ച

𝜓 ቀ
𝛼௜

2
ቁ < 𝑘𝜙(𝜖) 

a contradiction. This shows that {𝑥௡} and {𝑦௡} are Cauchy sequences. Since 𝑋 is a 
complete metric space, there exist 𝑢, 𝑣 ∈ 𝑋 such that lim௡→ஶ𝑥௡ = 𝑢 and lim௡→ஶ𝑦௡ = 𝑣. 
Taking the limit as 𝑛 → ∞, we get 

𝑢 = lim
௡→ஶ

𝑥௡ = lim
௡→ஶ

𝑇(𝑥௡ିଵ, 𝑦௡ିଵ) = 𝑇 ቀ lim
௡→ஶ

𝑥௡ିଵ, lim
௡→ஶ

𝑦௡ିଵቁ = 𝑇(𝑢, 𝑣) 

and 

𝑣 = lim
௡→ஶ

𝑦௡ = lim
௡→ஶ

𝑇(𝑦௡ିଵ, 𝑥௡ିଵ) = 𝑇 ቀ lim
௡→ஶ

𝑦௡ିଵ, lim
௡→ஶ

𝑥௡ିଵቁ = 𝑇(𝑣, 𝑢). 

Therefore 𝑢 = 𝑇(𝑢, 𝑣) and 𝑣 = 𝑇(𝑣, 𝑢) . Thus we proved that 𝑇 has a coupled fixed point 
in 𝑋. ◻ 

Theorem 20.  Let (𝑋, 𝑑) be a complete 𝑑𝑞𝑏-metric space with coefficient 𝑘. Let 𝑇 : 𝑋 × 𝑋 →
𝑋 be continuous mappings such that 

 𝑑൫𝑇(𝑥, 𝑦), 𝑇(𝑢, 𝑣)൯ ≤ 𝛼𝑑൫𝑥, 𝑇(𝑥, 𝑦)൯ + 𝛽𝑑൫𝑢, 𝑇(𝑢, 𝑣)൯     
 (2.18) 

for all 𝑥, 𝑦, 𝑢, 𝑣 ∈ 𝑋 where 0 < 𝛼 + 𝛽 <
ଵ

௞
. Then 𝑇 has unique coupled fixed point in 𝑋. 

Proof. Let (𝑥଴, 𝑦଴) be any arbitrarily fixed point in 𝑋 × 𝑋. We construct two sequences 
{𝑥௡} and {𝑦௡} such that 𝑥௡ = 𝑇(𝑥௡ିଵ, 𝑦௡ିଵ) and 𝑦௡ = 𝑇(𝑦௡ିଵ, 𝑥௡ିଵ). Using equation (2.18), 
we can write 

𝑑(𝑥ଵ, 𝑥ଶ) = 𝑑൫𝑇(𝑥଴, 𝑦଴), 𝑇(𝑥ଵ, 𝑦ଵ)൯

≤ 𝛼𝑑൫𝑥଴, 𝑇(𝑥଴, 𝑦଴)൯ + 𝛽𝑑൫𝑥ଵ, 𝑇(𝑥ଵ, 𝑦ଵ)൯

≤ 𝛼𝑑(𝑥଴, 𝑥ଵ) + 𝛽𝑑(𝑥ଵ, 𝑥ଶ)

⟹  𝑑(𝑥ଵ, 𝑥ଶ) ≤
𝛼

1 − 𝛽
𝑑(𝑥଴, 𝑥ଵ).

 

Put 
ఈ

ଵିఉ
= 𝛾 < 1. Then, 

𝑑(𝑥ଵ, 𝑥ଶ) ≤ 𝛾𝑑(𝑥଴, 𝑥ଵ).    
 (2.19) 

Now, consider 

𝑑(𝑥ଶ, 𝑥ଷ) = 𝑑൫𝑇(𝑥ଵ, 𝑦ଵ), 𝑇(𝑥ଶ, 𝑦ଶ)൯

≤ 𝛼𝑑൫𝑥ଵ, 𝑇(𝑥ଵ, 𝑦ଵ)൯ + 𝛽𝑑൫𝑥ଶ, 𝑇(𝑥ଶ, 𝑦ଶ)൯

≤ 𝛼𝑑(𝑥ଵ, 𝑥ଶ) + 𝛽𝑑(𝑥ଶ, 𝑥ଷ)

⟹  𝑑(𝑥ଶ, 𝑥ଷ) ≤
𝛼

1 − 𝛽
𝑑(𝑥ଵ, 𝑥ଶ).

 

Using equation [7.31] this implies that 

𝑑(𝑥ଶ, 𝑥ଷ) ≤ 𝛾ଶ𝑑(𝑥଴, 𝑥ଵ). 

Proceeding in this way, in general, we can write, 
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𝑑(𝑥௡, 𝑥௡ାଵ) ≤ 𝛾௡𝑑(𝑥଴, 𝑥ଵ).     
 (2.20) 

Similarly, 

𝑑(𝑦௡, 𝑦௡ାଵ) ≤ 𝛾௡𝑑(𝑦଴, 𝑦ଵ).     
 (2.21) 

Now, for 𝑚, 𝑛 ∈ 𝑁 and 𝑛 < 𝑚, using triangular inequality of the definition and using 
inequality [7.32], 

𝑑(𝑥௡, 𝑥௠) ≤ 𝑘𝑑(𝑥௡, 𝑥௡ାଵ) + 𝑘ଶ𝑑(𝑥௡ାଵ, 𝑥௡ାଶ) + ⋯ + 𝑘௠ି௡𝑑(𝑥௠ିଵ, 𝑥௠)

≤ [𝑘𝛾௡ + 𝑘ଶ𝛾௡ାଵ + ⋯ + 𝑘௠ି௡𝛾௠ିଵ]𝑑(𝑥଴, 𝑥ଵ)

= [(𝑘𝛾)𝛾௡ିଵ + (𝑘𝛾)ଶ𝛾௡ିଵ + ⋯ + (𝑘𝛾)௠ି௡𝛾௡ିଵ]𝑑(𝑥଴, 𝑥ଵ)

≤ (𝑚 − 𝑛)𝛾௡ିଵ𝑑(𝑥଴, 𝑥ଵ)

≤ 𝛾௡ିଵ𝜂,  where 𝜂 ≥ (𝑛 − 𝑚)𝑑(𝑥଴, 𝑥ଵ).

 

Taking limit as 𝑛, 𝑚 → ∞, we get 

    lim
௠,௡→ஶ

𝑑(𝑥௡, 𝑥௠) = 0.     

 (2.22) 

Similarly, consider 

𝑑(𝑦௡, 𝑦௠) ≤ 𝑘𝑑(𝑦௡, 𝑦௡ାଵ) + 𝑘ଶ𝑑(𝑦௡ାଵ, 𝑦௡ାଶ) + ⋯ + 𝑘௠ି௡𝑑(𝑦௠ିଵ, 𝑦௠)

≤ [𝑘𝛾௡ + 𝑘ଶ𝛾௡ାଵ + ⋯ + 𝑘௠ି௡𝛾௠ିଵ]𝑑(𝑦଴, 𝑦ଵ)

= [(𝑘𝛾)𝛾௡ିଵ + (𝑘𝛾)ଶ𝛾௡ିଵ + ⋯ + (𝑘𝛾)௠ି௡𝛾௡ିଵ]𝑑(𝑦଴, 𝑦ଵ)

≤ (𝑚 − 𝑛)𝛾௡ିଵ𝑑(𝑦଴, 𝑦ଵ)

≤ 𝛾௡ିଵ𝜂,  where 𝜂 ≥ (𝑚 − 𝑛)𝑑(𝑦଴, 𝑦ଵ).

 

Taking limit as 𝑛, 𝑚 → ∞, we get 

lim
௠,௡→ஶ

𝑑(𝑦௡, 𝑦௠) = 0.      

 (2.23) 

On the similar line using inequality (2.18), consider 

𝑑(𝑥ଶ, 𝑥ଵ) = 𝑑൫𝑇(𝑥ଵ, 𝑦ଵ), 𝑇(𝑥଴, 𝑦଴)൯

≤ 𝛼𝑑൫𝑥ଵ, 𝑇(𝑥ଵ, 𝑦ଵ)൯ + 𝛽𝑑൫𝑥଴, 𝑇(𝑥଴, 𝑦଴)൯

≤ 𝛼𝑑(𝑥ଵ, 𝑥ଶ) + 𝛽𝑑(𝑥଴, 𝑥ଵ).

 

Using equation (2.19), we get 

𝑑(𝑥ଶ, 𝑥ଵ) ≤ (𝛼𝛾 + 𝛽)𝑑(𝑥଴, 𝑥ଵ). 

Let us write 𝛼𝛾 + 𝛽 = 𝛿 < 1. Then 

𝑑(𝑥ଶ, 𝑥ଵ) ≤ 𝛿𝑑(𝑥଴, 𝑥ଵ). 

Proceeding in this way, in general, we can write, 

𝑑(𝑥௡ାଵ, 𝑥௡) ≤ 𝛿௡𝑑(𝑥଴, 𝑥ଵ).    (2.24) 
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Similarly, 

𝑑(𝑦௡ାଵ, 𝑦௡) ≤ 𝛿௡𝑑(𝑦଴, 𝑦ଵ).    (2.25) 

Now, for 𝑚, 𝑛 ∈ 𝑁 and 𝑛 < 𝑚, using triangular inequality of the definition and using 
equation [7.35] 

𝑑(𝑥௠, 𝑥௡) ≤ 𝑘𝑑(𝑥௡ାଵ, 𝑥௡) + 𝑘ଶ𝑑(𝑥௡ାଶ, 𝑥௡ାଵ) + ⋯ + 𝑘௠ି௡𝑑(𝑥௠, 𝑥௠ିଵ)

≤ [𝑘𝛿௡ + 𝑘ଶ𝛿௡ାଵ + ⋯ + 𝑘௠ି௡𝛿௠ିଵ]𝑑(𝑥଴, 𝑥ଵ)

= [(𝑘𝛿)𝛿௡ିଵ + (𝑘𝛿)ଶ𝛿௡ିଵ + ⋯ + (𝑘𝛿)௠ି௡𝛿௡ିଵ]𝑑(𝑥଴, 𝑥ଵ)

≤ (𝑚 − 𝑛)𝛿௡ିଵ𝑑(𝑥଴, 𝑥ଵ)

≤ 𝛿௡ିଵ𝜂,  where 𝜂 ≥ (𝑚 − 𝑛)𝑑(𝑥଴, 𝑥ଵ).

 

Taking limit as 𝑛, 𝑚 → ∞, we get 

lim
௠,௡→ஶ

𝑑(𝑥௠, 𝑥௡) = 0.      (2.26) 

Similarly, consider 

𝑑(𝑦௠, 𝑦௡) ≤ 𝑘𝑑(𝑦௡ାଵ, 𝑦௡) + 𝑘ଶ𝑑(𝑦௡ାଶ, 𝑦௡ାଵ) + ⋯ + 𝑘௠ି௡𝑑(𝑦௠, 𝑦௠ିଵ)

≤ [𝑘𝛿௡ + 𝑘ଶ𝛿௡ାଵ + ⋯ + 𝑘௠ି௡𝛿௠ିଵ]𝑑(𝑦଴, 𝑦ଵ)

= [(𝑘𝛿)𝛿௡ିଵ + (𝑘𝛿)ଶ𝛿௡ିଵ + ⋯ + (𝑘𝛿)௠ି௡𝛿௡ିଵ]𝑑(𝑦଴, 𝑦ଵ)

≤ (𝑚 − 𝑛)𝛿௡ିଵ𝑑(𝑦଴, 𝑦ଵ)

≤ 𝛿௡ିଵ𝜂,  where 𝜂 ≥ (𝑚 − 𝑛)𝑑(𝑦଴, 𝑦ଵ).

 

Taking limit as 𝑛, 𝑚 → ∞ we get 

lim
௠,௡→ஶ

𝑑(𝑦௠, 𝑦௡) = 0. 

Thus from equations (2.22), (2.23), (2.26) and (2.27), {𝑥௡} and {𝑦௡} are Cauchy sequences 
in 𝑋. Since 𝑋 is complete 𝑑𝑞𝑏-metric space, there exist 𝑢, 𝑣 ∈ 𝑋 such that 𝑥௡ → 𝑢 and 𝑦௡ →
𝑣. We claim that (𝑢, 𝑣) is a coupled fixed point of 𝑇. As 𝑇 is continuous, 

𝑥௡ାଵ = 𝑇(𝑥௡, 𝑦௡) ⇒ 𝑢 = 𝑇(𝑢, 𝑣).    (2.28) 

Similarly, 

𝑦௡ାଵ = 𝑇(𝑦௡, 𝑦௡) ⇒ 𝑣 = 𝑇(𝑣, 𝑢).     (2.28) 

Thus (𝑢, 𝑣) is a coupled fixed point of 𝑇 in 𝑋. 

Now we prove uniqueness of coupled fixed point (𝑢, 𝑣). Let, if possible, (𝑢ଵ, 𝑣ଵ) be 
another coupled fixed point of 𝑇 in 𝑋. 

𝑑(𝑢, 𝑢ଵ) = 𝑑൫𝑇(𝑢, 𝑣), 𝑇(𝑢, 𝑣)൯ ≤ 𝛼𝑑൫𝑢, 𝑇(𝑢, 𝑣)൯ + 𝛽𝑑൫𝑢, 𝑇(𝑢, 𝑣)൯

≤ 𝛼𝑑(𝑢, 𝑢) + 𝛽𝑑(𝑢, 𝑢) = 0.
 

Also 

𝑑(𝑢ଵ, 𝑢) = 𝑑൫𝑇(𝑢, 𝑣), 𝑇(𝑢, 𝑣)൯ ≤ 𝛼𝑑൫𝑢, 𝑇(𝑢, 𝑣)൯ + 𝛽𝑑൫𝑢, 𝑇(𝑢, 𝑣)൯

≤ 𝛼𝑑(𝑢, 𝑢) + 𝛽𝑑(𝑢, 𝑢) = 0.
 

Thus 𝑢 = 𝑢ଵ. Now, consider 
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𝑑(𝑣, 𝑣ଵ) = 𝑑൫𝑇(𝑣, 𝑢), 𝑇(𝑣, 𝑢)൯ ≤ 𝛼𝑑൫𝑣, 𝑇(𝑣, 𝑢)൯ + 𝛽𝑑൫𝑣, 𝑇(𝑣, 𝑢)൯

≤ 𝛼𝑑(𝑣, 𝑣) + 𝛽𝑑(𝑣, 𝑣) = 0.
 

Also, 

𝑑(𝑣ଵ, 𝑣) = 𝑑൫𝑇(𝑣, 𝑢), 𝑇(𝑣, 𝑢)൯ ≤ 𝛼𝑑൫𝑣, 𝑇(𝑣, 𝑢)൯ + 𝛽𝑑൫𝑣, 𝑇(𝑣, 𝑢)൯

≤ 𝛼𝑑(𝑣, 𝑣) + 𝛽𝑑(𝑣, 𝑣) = 0.
 

Thus 𝑣 = 𝑣ଵ. Hence (𝑢, 𝑣) = (𝑢ଵ, 𝑣ଵ).  And thus uniqueness of coupled fixed point of  𝑇 in 
𝑋 is established. ◻ 
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